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Abstract 
Although the existence of a Whist tournament design Wh(4n) for each n> 1 was established in the 
1970s by Baker and Wilson, no new cyclic Wh(4n) was discovered since Moore‘s 1896 paper until 
Finizio constructed a number of cyclic designs with 4nS 1000. We now establish the existence of 
several infinite families of cyclic Wh(4n). 
1. Introduction 
A Whist tournament Wh(4n) for 4n players is a schedule of games, each involving 
two players playing against two others, such that 
(i) the games are arranged in 4n- 1 rounds, each of n games; 
(ii) each player plays in one game in each round; 
(iii) each player partners every other player exactly once; 
(iv) each player opposes every other player exactly twice. 
We denote games by cyclic 4-tuples (a, b, c, d), indicating the cyclic order in which the 
players sit round a table: a and c are partners, as are b and d; the opponent pairs are 
a, b; a, d; b, c; c,d. 
Example 1.1. A Wh(8). 
Round 1 (~4,095) (192,396) 
Round 2 (c~,5,1,6) (2,3,4,0) 
Round 3 (~6,290) (3,4,5,1) 
Round 4 (a,& 391) (495,692) 
Round 5 (a,1,4,2) (5,6,0,3) 
Round 6 (a,2,5,3) (6,0,1,4) 
Round 7 (~3,694) (0, 1,295). 
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The first serious mathematical study of Whist tournaments was carried out by 
Moore [7], who showed that a Wh(4n) exists for infinitely many values of n; but it was 
not until the 1970s that Baker and Wilson proved the existence of a Wh(4n) for all 
n > 1 (see [l, 23). Some of the early Whist tournaments, such as those described in [6] 
and many of Moore’s, are particularly attractive in that they possess cyclic structure. 
For example, in Example 1.1, we note that each round is obtained from the previous 
one by adding 1 (mod 7) to each entry except co (which is left unaltered). In general, we 
say that a Wh(4n) on Gu { a}, where G is an additive group of order 4n - 1, is cyclic if 
the rounds can be labelled by the elements of G in such a way that, for each gEG, 
round g is obtained from the initial round by adding g to each entry other than co. 
Amongst cyclic tournaments, perhaps the most appealing are those with G = Z,, _ 1 
the integers modulo 4n- 1; we call such designs Z-cyclic. 
It is a remarkable fact that none of the new Whist tournaments constructed by 
Baker and Wilson were cyclic; the only cyclic designs known to exist by 1990 were 
those known by Moore almost a century before. Then Finizio [4] constructed Z-cyclic 
Wh(4n) for all 4n d 1000 of the form 4n = qp”‘+ 1, with m 3 1, p, q prime, p = 1 (mod 4), 
q= 3 (mod 4). We now develop his ideas to construct several infinite families of 
Z-cyclic Wh(4n). 
2. Whist tournaments for 4n + 1 players 
The Baker-Wilson proof of the existence of a Wh(4n) for all na 1 makes use of 
related designs for 4n+ 1 players. A Wh(4n+ 1) has 4n+ 1 rounds of n games, each 
player ‘sitting out’ in precisely one round, with conditions (iii) and (iv) as before. The 
following is a fundamental result. 
Lemma 2.1 (Bose and Cameron [3] and Baker [2]). Zfq s 1 (mod4) is a prime power, 
then a cyclic Wh(q) exists in the$nite3eld GF(q). 
We note that there is no player co here; the players are labelled by the elements of 
the field GF(q). GF(q) contains a primitive element W (the nonzero elements of the 
field are precisely the powers of W). If q- 1 = 4t, the first-round games in Baker’s 
construction are 
(1, W’, wzr, WS’), (W, wt+‘, wzt+i, w3’+i) )...) 
(I,$/-‘, wzt-1, w3t-1, w4r-1). 
(2.1) 
To show that these generate a cyclic Wh(q), we have to show [l] that 
the partner differences are the nonzero elements of GF(q) once, 
the opponent differences are the nonzero elements twice. 
(2.2) 
(2.3) 
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Here, the partner differences arising from a game (a, b, c, d) are f (c - a) and f (b - d); 
so the partner differences above are (IV”- 1) times + 1, + W, . . . , f W2’- ‘, i.e. 
(W”-‘) times 1, W, . . . , W4’-’ since W2’= -1. Since W2’-l#O, these are just the 
nonzero elements of GF(q). The opponent differences are dealt with similarly. 
Instead of using a primitive element W of the field GF(q), we can make use of 
a number-theoretic primitive root of q. If q = p”, the number of elements of Z, which 
are coprime to q is (p(q) = &“) = p”- ‘(p - l), and W is called a primitive root of q if 
w, w2, , . . ) W°C4) = 1 are precisely the members of Z, which are coprime to q, i.e. if the 
powers of W form a reduced set of residues (modq). Every prime power p” has 
a primitive root; indeed, if Wis a primitive root of p* then it is a primitive root of p” for 
all n> 1. 
Theorem 2.2. If p- 1 (mod4) is prime, there exists a Z-cyclic Wh(p”) for each nk 1. 
Proof. Proceed by induction; the case n= 1 follows from Lemma 2.1. Now deal with 
the induction step, and let p”- ‘(p- 1) =4t. It is easy to check that, if we let W denote 
a primitive root of p”, the games given by (2.1) use up a reduced set of residues 
(modp”), and that the partner (opponent) differences form a reduced set of residues 
once (twice). So for the first-round games of a Wh(p”), simply take all of the games (2.1) 
along with the first-round games of a Z-cyclic Wh(p”-i) on multiples of p. 0 
Example 2.3. A Z-cycle Wh(25). 
Here q=p2=25; q(q)=p(p-1)=20=4t, where t=5. Take W=2; then IV=7, 
W2’=24. The initial round of a Z-cyclic Wh(25) can be obtained as follows: 
(1,7,24, lg), (2,14,23,1 l), (4,3,21,22), (g,6,17,19), 
(16,12,9,13), (5,10,20,15). 
We note in passing that if p = 3 (mod 4) then we cannot establish the existence of 
a Z-cyclic Wh(p2”) by these methods; indeed, no Z-cyclic Wh(9) exists. But there does 
exist a Wh(p2”) which is cyclic in Z,,OZ. (see [S]). 
3. The main theorems 
We now establish the existence of several infinite families of Z-cyclic Wh(4n) 
designs. The players will be labelled by cc and the elements of .&_i; in checking 
conditions (2.2) and (2.3), 00 will automatically look after itself. Again, a key idea will 
be to use primitive roots rather than primitive elements. 
Theorem 3.1. Let p- 1 (mod4) be prime, and let nZ0. Then there exists a Z-cyclic 
Wh(3p” + 1). 
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Proof. We proceed by induction; the case n=O is immediate since a Z-cyclic Wh(4) 
exists. 
Let W be a primitive root of p”, WE 2 (mod 3) (one of W, W+ p, W+ 2p is congruent 
to 2 (mod 3)). Let cp(p”) = p”- l(p - 1) = 4t. Then W4’ E 1 and W2’= - 1 (mod p”). Now 
(~(3~7 = 8t, and the order of W(mod 3~“) is lcm{ order of Wmod 3,4t} = lcm{2,4t) = 4t. 
It follows that +1 + W,..., + W4r-1 - ,_ are precisely the elements of a reduced set of 
residues (mod 3~“). Note also that W2’$ - 1 (mod 3~7, but 
3 W2’ E - 3 (mod 3~7, 
so that 
W2’ + 3 = - 2 W2’ (mod 3~“) 
and 
W2’- 3 ~4 W2’(mod 3~“). 
We deal with the cases of t even and t odd separately. 




(1, W’, w2’, W3’), . . . ) p/-l, wzt-1, f,p-1, f,f/+l), 
(-1,3, -3, - W2’),(- w,3w, -3w, - W2’_‘) ,..*, 
(- W2~-1,3W2t-r, _ 3 W2’- 1, _ w4'- 1). 
The entries are precisely those elements of Z3,, which are coprime to p. 
The partner differences are 
(3.4) 
(i) (W’-1) times +l, W ,..., f W2’-‘, 
(ii) 2 times + 1, f W, . . . , + W2’-‘, 
(iii) (W2’+3) times +l + W,..., + W2’-l. 
By (3.2), (ii) and (iii) give 2 times f 1, f W, . . . , f W4’- ‘, i.e. a reduced set of residues 
(mod 3~“). Next, since WE 2 (mod 3), W2’- 1~ 0 (mod 3), but W2’- 1 f 0 (mod p). So (i) 
gives all multiples of 3 in Z3Pn which are coprime to p. So altogether the partner 
differences are all the elements of Z,,, which are coprime to p. 
The opponent dlyerences are 
(iv) (W-1) times fl, + W ,..., + W4*-l, 
(v) 4 times fl, f W, . . . . f W2r-1, 
(vi) 6 times f 1, f W, . . , + W2’- ‘, 
(vii) (W”-3) times fl, * W,..., + W2’-l, 
(viii) (W2’-1) times fl, f W,..., f W2’-‘. 
By (3.3), (v) and (vii) give a reduced set of residues. Since t is odd, W’- lf O(mod 3) 
and so (iv) also gives a reduced set of residues. Next, (vi) is, by (3.1), 2 times 
3, 3 W, . . . ,3 W4’- ‘, i.e. all multiples of 3 coprime to p, and (viii) is the same as (i) and 
hence the same as (vi). 
So the games (3.4) deal with all players and all differences coprime to p. We 
therefore take (3.4) along with the initial-round games of a Z-cyclic Wh(3pn- ’ + 1) on 
co and multiples of p to obtain by induction the initial round of the required Z-cyclic 
Wh(3pn + 1). 
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Case (ii): t even. Here we consider the games 
(1, -IV, W2’, - W31), ...) (W’_‘, - wZ’-1, wJ’-1, - w+l), 
(-1,3, -3, - WZ’) )...) (- w’-1,3W-‘, -3W’_1, - W3’_l), (3.5) 
( w, - 3 W’, 3 W’, W3’), . . . ) (w2t-1, -3~2’~1, 3~2’~1, w4t-1). 
Partner differences are precisely as before. Opponent differences are almost as before, 
the important difference being that (iv) is replaced by 
(ix) (W+l) times fl, f W ,..., f W4t-1, 
where this time we have W + 1 f 0 (mod 3). 
Example 3.2. A Wh(52). 
52=3.17+1 where W=20isaprimitiverootof17, W=2(mod3).(p(17)=16=4t, 
where t = 4. We have v = 13, w8 = 16, WI2 E 4, WI6 E 1 (mod 5 1). Take first-round 
games 
(1,38,16,47), (20,46,14,22), (43,2,25,32), (44,40,41,28), (50,3,48,35), 
(31,9,42,37), (8,27,24,26), (7,30,21, lo), (13,12,39,4), (5,36,15,29), 
(49,6,45,19), (l&18,33,23), (co, 17,0,34). 
Theorem 3.3. There exists a Z-cyclic Wh(7.5”+ 1) for all n>O. 
Proof. Again we proceed by induction on n: the case n=O yields to the Wh(8) of 
Example 1.1. We use the fact that 2 is the primitve root of 5” for each n2 1. We 
have (p(5”)=4.5”-‘, (p(7.5”)=6.4.5”-l=4t, where t=6.5”-‘; and the order of 
2(mod7.5”) is lcm{3,4.5”-‘}=2t. So fl, f2,..., k22’-1 form a reduced set of 
residues (mod 7 * 5”). Consider the games 
(1,2,-1,-2),(22,23-22,-23), . ..) (2zf-2,22f-1,-22f-2,-22t-1). (3.6) 
The partner differences are f 2, . . . , f 22’- ‘, + 22’- ’ = f 1, i.e. they form a reduced set 
of residues (mod 7 + 5”). The opponent differences are 
(x) f 1, f22, . . . , +22’-2 (twice) and 
(xi) f3, f3.22,..., k3.22’-2 (twice). 
Now 3 is coprime to 7.5”; so f 3 is a power of 2 (mod 7.5”). We cannot have 
+ 3 = 22m (mod 7.5”) for any m, since then we would have that + 3 is a square (mod 5). 
So + 3 is an odd power of 2, and (xi) gives the odd powers of 2. Thus, (x) and (xi) give 
a reduced set of residues (twice). 
The games (3.6) involve elements of Z , 5n coprime to 7 and 5”, and they give the 
corresponding partner and opponent differences. So now take (3.6) along with the 
initial round of a Z-cyclic Wh(7.5”-’ + 1) on co and multiples of 5. This leaves only 
elements and differences which are divisible by 7 and not by 5; so finally take all the 
games (2.1) exhibited in the construction of a Wh(5”) in Theorem 2.2, on multiples of 7. 
This completes the proof of the theorem. q 
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Further results can be obtained by similar arguments. The cases in the following 
theorem are all dealt with by using (3.6) and noting that f 3 has to be an odd power 
of 2. 
Theorem 3.4. There exists Z-cyclic Wh(qp”+ 1) for all n30 for each of the following 
choices of (q, p): (7, ~YJ, (19,5), (23,5). 
Further results on Wh(qp”+ 1) will be provided in a forthcoming paper by the 
present authors. 
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